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Abstract—The purpose of this paper is to show the benefits of
approaching the tasks of analysis, simulation and control system
design through the consideration of system properties via the
concurrent approach of different modeling methodologies. The
particular case of an omnidirectional robotic base is chosen to
present the approach in an illustrative way. The presentation
of its differential kinematics is followed by the derivation of
the dynamic models under different modeling approaches: the
Bond Graphs, Euler-Lagrange, Newtonian and port-Hamiltonian
paradigms. Using the Bond Graphs as a guiding thread, equiv-
alences among the models are obtained which are further used
to reinterpret system properties when considering them from
the point of view of different formalisms, and also to bring to
light some properties that may be hidden in some cases. The
paper concludes by designing a velocity controller for the mobile
platform starting with a physically heuristic approach on its Bond
Graph model and, subsequently, demonstrating its stability in the
port-Hamiltonian domain using the correspondences previously
established concerning passivity under feedback interconnection.

Index Terms—Dynamic Models, Mobile Robots, Bond Graphs,
Euler Lagrange, port-Hamiltonians, Omni Wheels.

I. INTRODUCTION

Mathematical Modeling plays an ever increasing role in
Engineering, where the use of physical, behavioral and logical
models in conjunction with software tools and methodologies
brought-in approaches like Model-Based Systems Engineering
(MBSE), the formalized application of modeling to support
system requirements, design, analysis, verification and valida-
tion activities beginning in the conceptual design phase and
continuing throughout development and later life cycle phases
[1].

Model-Based Design (MBD), a component of MBSE, is a
key methodology in Mechatronics, where a plethora of model
types and techniques are mandatory due to the profusion of
physical domains, engineering disciplines and technologies in-
volved [2]. Among this multitude of types of models conspicu-
ous in Mechatronics, for each specific task mostly just a single
type of model is used, even if more than one are available.
Particularly in the domain of control and automation, where
dynamic physical models are of uppermost importance, some

modeling methodologies are preferred, according to well-
established practices (and/or to the taste of the developers).
For instance, the Euler-Lagrange (EL) formalism is the main
technique recurred to in Robotics, despite the existence of the
also well-established Newton-Euler formulation, or the more
recently irrupted alternative techniques as, for instance, the
port-Hamiltonian System (pHS) approach.

The EL and pHS models are natural candidates for describ-
ing numerous physical systems, as they capture the energy
phenomena associated with the physical-based laws, such as
(i) storage, (ii) flow, and (iii) dissipation. [3] [4]. We also
consider the Bond Graphs (BG), a graphical representation
that allows capturing energy phenomena as well as causal
relationships between system variables, and is a highly suitable
tool primarily conceived for modeling and simulation [5] and
later also exploited for controller design [6] [7].

The purpose of this paper is to show that the benefits of a
single-modeling approach to the tasks of analysis, simulation
and control system design can be advantageously extended and
deepened through the consideration of system properties via
the concurrent approach of different methodologies. To this
aim, the EL, Newton, pHS and BG modeling paradigms will
be considered, as applied to the particular case of a mobile
omnidirectional robotic platform. Such robots are called om-
nidirectional because they possess full mobility in the plane
which means that they can move at each time instant in any
direction without any reorientation [8].

In [9] the BG methodology was used for the development
of the dynamic model and control for a mobile manipulator.
In [10] a 3D dynamic model of a quadruped robot has been
developed using the BG technique. In [11] a BG model of a
planar mobile manipulator is presented in correspondence with
its EL, BG with storage fields, and pHS models for analysis
simulation and control. In [12] and [13] a systematic method-
ology to convert BG models to EL and pHS is presented re-
spectively. The work [14] achieves a correspondence between
port-based modeling of multi-domain physical systems using
BG with the framework of geometric dynamical systems and
control theory using pHS.



The remainder of this paper is organized as follows. In Sec-
tion II the kinematics and dynamics of the omnidirectional mo-
bile base is presented. Section III, Equivalences and Synergies,
discusses correspondences among these models and exploits
them in order to gain insight into system properties and to
inspire and facilitate controller design. Section IV presents
an application of the previous ideas via the development of
a velocity controller for the mobile platform. Finally, the
conclusions are discussed in Section V.

II. MODELING THE MOBILE BASE

A. Differential Kinematics

In Fig. 1a, the idealized physical system of an omnidi-
rectional mobile base is depicted. It is composed of a main
rigid body, henceforth referred to as the chassis, and three
wheels (each of them, in turn, a rigid body), located 120
degrees apart from each other. The variables describing the
motion of the center of mass (CM) of the base are the
generalized independent coordinates (posture) q = [x, y, φ]T

with respect to the fixed global system O − XFYFZF and
the vector η = [ẊG, ẎG, φ̇]

T that represents the non-inertial
velocities of the CM of the chassis defined with respect to
the non-inertial frame OG −XGYGZG. The vector of efforts
he = [Fex, Fey, τe]

T represents the external forces exterted
at the CM of the chassis.

From the idealized scheme of omni wheel i, with i =
1, 2, 3, shown in Fig. 1b, the non-inertial rotational velocities
Ωr = [Ωr1, Ωr2, Ωr3]

T and translational velocities Vr =
[Vr1, Vr2, Vr3]

T are identified, both defined with respect to
the moving frame Ori −XriYriZri, and the external torques
(coming from motors) τ = [τr1, τr2, τr3]

T .
As the movement of the base depends on the wheels, the

velocities q̇ and Vr are not independent of each other, but
rather are related to η through the relationships{

q̇ = R(q)T η

Vr = rEη
⇒ Vr = rER(q)q̇ (1)

where r is the radius of the wheels, L is the distance from the
CM of the chassis to the wheel axis, and the matrices1

R(q) =

 cφ sφ 0

−sφ cφ 0

0 0 1

 E =

1/2r
√
3/2r L/r

−1/r 0 L/r

1/2r −
√
3/2r L/r


taking into account that R(q)R(q)T = I3.

If we consider that the motion of the wheel occurs under
conditions of perfect rolling and without slipping around the
vertical axis passing through the contact point, the velocity
vector Vr can be expressed as

Vr = rΩr (2)

1The notations cφ and sφ are the abbreviations for cosφ and sinφ,
respectively.
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Fig. 1: Omnidirectional mobile base.

Thus, by substituting into (1), we obtain the kinematic re-
lationship between the frame O − XFYFZF and the frames
Ori −XriYriZri

Ωr = G(q)T q̇ (3)

where the matrix G(q) has been defined as G(q) := R(q)TET .

B. Dynamics

In this section, we develop the dynamic model of the mobile
base through four different methodologies: BG, force balance
or Newtonian method, EL equations, and pHS.

1) Bond Graph: The velocity relationship of equation (3)
is represented in the BG domain by interconnecting the 1-
junctions associated with these velocities through the modu-
lated transformer MTF. Effort sources Se are used to represent
external forces and torques.

The causalized BG model is presented in Fig. 2, where
the convention of positive power flow is taken from the
wheels to the chassis. The three parts of the model are clearly
distinguished: the omni wheels, the relationship between the
inertial velocities, and the chassis. The I elements represent
the rotational inertia of the wheels Jr, and the mass and inertia
of the base, mb and Ib respectively.

The vectors F = [Fx, Fy, τ1]
T and Fr = [Fr1, Fr2, Fr3]

T

represent internal efforts and traction forces on the wheels,
respectively, related in a power-conserving transformation such
that {

Ωr = G(q)T q̇

F = G(q)rFr

(4)

Remark 1. The order of the BG scheme is nBG = 6, as it
possesses three energy storage elements in integral causality
(IC) and an integrator in a three dimensional vector. The
state variables of the system are the momentum quantities
associated with the energy storage elements in IC and the
generalized independent posture coordinates q.



2) Force Balance: The differential equations describing the
dynamics of the mobile base in the fixed global framework,
and the rotational dynamics of the wheel-motor assembly
in their respective local frames, can be obtained through
Newton’s second law by examining the force balance.{

Mbq̈ = F + he

IrΩ̇r = τ − rFr

(5)

where Mb = diag{[mb, mb, Ib]} and Ir =
diag{[Jr, Jr, Jr]}. On the other hand, by taking the derivative
of (3) with respect to time, we obtain

Ω̇r = G(q)T q̈ + Ġ(q)T q̇ (6)

Thus, solving rFr from (5) and substituting it into the second
line of (4) yields

F = G(q)
(
τ − IrΩ̇r

)
Then, substituting Ω̇r with (6), F in the first line of (5), and
rearranging we obtain the dynamical model

M(q)q̈ + C(q, q̇)q̇ = G(q)τ + he (7)

where M(q) = Mb + G(q)IrG(q)
T is the inertia matrix,

symmetric and positive definite, and C(q, q̇)q̇ = G(q)IrĠ(q)
T

is a term encompassing centrifugal and Coriolis torques/forces.
The expressions for the matrices are:

M(q) =


3Jr
2r2

+mb 0 0

0
3Jr
2r2

+mb 0

0 0
3JrL

2

2r2
+ Ib



C(q, q̇) =


0

3Jr
2r2

φ̇0 0

−3Jr
2r2

φ̇0 0 0

0 0 0


(8)

Remark 2. Since the product G(q)IrG(q)T is constant, from
now on, the dependence of the inertia matrix on the vector q
will be omitted.
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Fig. 2: Causalized BG model of the omnidirectional mobile
base.

3) Euler Lagrange: The Lagrangian L of the mobile base
is

L(ψ, ψ̇) = 1

2
q̇TMbq̇ +

1

2
ΩT

r IrΩr

=
1

2
ψ̇TBψ̇

(9)

where B = diag{[Mb, Ir]} is the augmented inertia matrix
(also symmetric and positive definite), and ψ̇ =

[
q̇T , ΩT

r

]T
,

being ψ the configuration coordinates.

Remark 3. From expression (9), it can be seen that the
configuration coordinates ψ are cyclic (or ignorable) since they
do not appear in the Lagrangian expression.

With the EL formulation, the equations of motion can be
generated systematically, regardless of the adopted frame of
reference. Then, the general formulation of the EL equations
for a system that possesses kinematic constraints is [15]

d

dt

(
∂L
∂ψ̇

)
− ∂L
∂ψ

= S(ψ)u+A(ψ)λ, u ∈ R6, λ ∈ R3 (10)

where λ is the vector of Lagrange multipliers (also called the
vector of restrictive forces [16]) and

S(ψ) =

[
I3 03

03 I3

]
u =

[
he

τ

]
A(ψ) =

[
G(q)

−I3

]
(11)

Using (9) and (10), the dynamic model of the constrained
mechanical system is obtained as

Bψ̈ = S(ψ)u+A(ψ)λ

A(ψ)T ψ̇ = 03×1

(12)

Let’s consider the matrix J(ψ) = [I3, G(q)]
T whose

columns form the basis of the null space of A(ψ)T , i.e.,
A(ψ)TJ(ψ) = 0. Thus, replacing the constraints in (12) with

ψ̇ = J(ψ)q̇ (13)

and by pre-multiplying both sides of equation (12) by J(ψ)T ,
we arrive at the reduced dynamic model

J(ψ)TBψ̈ = J(ψ)Tu (14)

Then, differentiating (13) with respect to time and substituting
the expression for ψ̈ in the reduced dynamic model (14), we
obtain the same model as equation (7), where it is satisfied
that

M = J(ψ)TBJ(ψ) C(q, q̇) = J(ψ)TBJ̇(ψ) (15)

4) Hamiltonian System: The Hamiltonian equations are
derived from the EL equations starting from the definition of
the generalized momentum

p :=
∂L
∂ψ̇

and from the Hamiltonian, representing the total energy,
through the Legendre transformation of the Lagrangian

H(ψ, p) := pT ψ̇ − L(ψ, ψ̇)



Thus, the Hamiltonian equations of a general system with
constraints are

ψ̇ =
∂H

∂p
(ψ, p)

ṗ =− ∂H

∂ψ
(ψ, p) + S(ψ)u+A(ψ)λ

y =S(ψ)T
∂H

∂p
(ψ, p)

03×1 =A(ψ)T
∂H

∂p
(ψ, p)

(16)

where y is the co-llocated output (i.e., it has relative degree
1 with respect to the control input u). In this particular case,
the momentum and the Hamiltonian are:

p = Bψ̇ H(ψ, p) =
1

2
pTB−1p (17)

and the values of the matrices S(ψ) and A(ψ) are as expressed
in (11). Taking into account that the Lagrange multipliers can
be eliminated by multiplying both sides of the second line of
(16) by J(ψ)T , we obtain

J(ψ)T ṗ = −J(ψ)T ∂H
∂ψ

(ψ, p) + J(ψ)TS(ψ)u (18)

Let’s now define p̃ ∈ R3 through the following change of
coordinates (see [4])

p̃ :=J(ψ)T p

where considering both, the equation (15) and that the mo-
mentum can be rewritten as p = BJ(ψ)q̇, the Hamiltonian
(17) can be expressed in terms of the new coordinates p̃ as

H̃(ψ, p̃) =
1

2
p̃TM−1p̃ (19)

Then, differentiating p̃ with respect to time, the equation (18)
can be rewritten as

˙̃p = −J(ψ)T ∂H
∂ψ

(ψ, p) + J̇(ψ)T p+ J(ψ)TS(ψ)u

As it holds that

∂H

∂p
=
∂H̃

∂p̃
= q̇

∂H

∂ψ
=
∂H̃

∂ψ
= 06×1 (20)

the constrained system (16) takes the form

[
ψ̇
˙̃p

]
=

 06 J(ψ)

−J(ψ)T J̇(ψ)TBJ(ψ)



∂H̃

∂ψ

∂H̃

∂p̃

+

[
06

J(ψ)T

]
u

y =
[
06 J(ψ)

]

∂H̃

∂ψ

∂H̃

∂p̃


where in this case, the output are the velocities y = ψ̇.

Now, since the Hamiltonian H̃ depends on the inertia matrix
M which, in the general case, depends on the vector of posture

coordinates q, it is possible to express the Hamiltonian H̃ in
terms of q and p̃. Thus, considering the equivalences of (20)
and defining the state vector as x :=

[
qT , p̃T

]T
, the simplified

dynamic system is2:

[
q̇
˙̃p

]
=

[
03 I3

−I3 −C(q, q̇)

]
︸ ︷︷ ︸

J(x)


∂H̃

∂q

∂H̃

∂p̃

+

[
03 03

I3 G(q)

]
︸ ︷︷ ︸

g(x)

u

y =

[
03 I3

03 G(q)T

]
∂H̃

∂q

∂H̃

∂p̃


(21)

where the second equality of equation (15) together with the
antisymmetry property C(q, q̇)T = −C(q, q̇) have been used.
The skew-symmetric matrix J(x) = −J(x)T , of dimension
(6× 6) reveals the power conservation of the interconnection
structure. Finally, the compact pHS model of the mobile base
is:

ẋ = J(x)∇H̃(x) + g(x)u

y = g(x)T∇H̃(x)

III. MODEL ANALYSIS

In this section, we will use modeling in the BG domain as a
basis to establish connections and interpretations between the
different developed models.

Recurring to the assignment of computational causality, BGs
are mainly used for computational purposes, both numerical,
i.e., digital simulation, and analytical, i.e., differential equa-
tions derivation, mainly state equations [5] but also EL [12]
and pHS [13]. The formal procedures to do this start from
either BGs in full IC and without algebraic loops, or from
BGs including derivative causality (DC), like the one in Fig.
2, and algebraic loops.

In both latter cases differential-algebraic equations (DAE-
systems) are implied with index equal or greater than one [17].
To avoid dealing with them, different approaches are available.
When possible, the conversion of the DAE-system to a pure
ODE (an index zero system) through formal manipulation
is preferred. When not, the addition to the BG of parasitic
dynamic components or residual sinks [18] are other options
on hand allowing to break the causal couplings producing the
DAE-system.

In the sequel some of these techniques are applied to the
BG of Fig. 2 and some implications related to the models in
the different formalisms are discussed.

A. DAE to ODE conversion and BG-EL-Force-balance corre-
spondences

Eliminating the presence of energy storage elements in DC
in a BG via regrouping the interdependent storage elements is
equivalent to converting a DAE-system to a index zero system.

2Notice that q̇ can be expressed in terms of p̃, so the interconnection matrix
depends on the state x.



In the case of the BG shown in Fig. 2, this regrouping involves
moving the rotational inertias of the wheels that are in DC to
the right side, so that all energy storage elements are in IC,
as shown in the BG schematic in Fig. 3.
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Fig. 3: Mobile base BG scheme with inertia regrouping.

The correspondence of this BG with the results of force-
balance and EL modeling is clearly suggested considering
equation (7) and comparing its main components given in (8),
the inertia matrix M with the parameters of the I-elements
of the BG, and the entries of the matrix C(q, q̇) with the
coefficient modulating the gyrator MGY.

The BG-EL equivalence can be more formally established
deriving the EL equations from the BG of Fig. 2 following
the procedure given in [12]. This is not presented here due to
lack of space.

B. Residual Sinks and Lagrange multipliers

Another way to avoid DC is to enforce IC in all energy
storage elements by using residual sinks. Starting from the
BG in Fig. 2, the procedure consists on incorporating effort
sources through 0-junctions into the storage elements in DC,
as observed in Fig. 4.

The residual sinks inject the necessary effort into the 0-
junctions to ensure that the net flow through them is zero.
Thus, defining fvir := [fvir1, fvir2, fvir3]

T , the flow balance
equations in the 0-junctions are

03×1 = fvir

= G(q)T q̇ − Ωr

= A(ψ)T ψ̇

Thus, we can see that the constraint matrix A(ψ), of equation
(12), can be obtained by enforcing IC for all energy storage
elements in DC through the incorporation of residual sinks.

Remark 4. The efforts introduced by the residual sinks are
equivalent to the Lagrange multipliers vector λ defined in
(10), so they can be interpreted physically as the force that
the ground must exert to fulfill the perfect rolling condition
defined in (2). This force is hidden in the final model obtained
through the BG modeling and both, the EL and pHS modeling.
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Fig. 4: Mobile base BG scheme with residual sinks.

C. Bond Graph - Hamiltonian System

The pHS model can be obtained through the manipulation
of the BG using the method developed in [13]. Alternatively,
in this simple case, the pHS is obtained applying the state-
equations derivation procedure writing the derivatives of the
state variables, i.e. the inputs of the storage elements, as
functions of their outputs, as these are the components of the
gradient of the stored energy (please refer to the red signals
marked in Fig. 3).

D. Passivity

The power delivered to the system (21) is

uT y = uT g(x)T∇H̃(x)

=
(
ẋ− J(x)∇H̃(x)

)T
∇H̃(x)

= ẋT∇H̃(x)

= ˙̃H(x)

where it was taken into account that

∂H̃

∂p̃

T

C(q, q̇)
∂H̃

∂p̃
= 0

Since the following inequality is satisfied

H̃(x(t))− H̃(x(0))︸ ︷︷ ︸
stored energy

≤
∫ t

0

u(s)T y(s)ds︸ ︷︷ ︸
delivered energy

the system is cyclo-passive [4]. Moreover, since H̃(x) ≥ 0,
the system is also passive.

Remark 5. In both the EL and pHS modeling, we started
with the generalized configuration coordinates ψ of dimension
6, and after some algebraic work, the model ended up being
expressed in terms of the posture coordinates vector q of
dimension 3. This conclusion can be quickly reached by
analyzing the causalized BG model in Fig. 2. Even if all the
configurations coordinates ψ appear in the model, the number
of energy storage elements in IC is 3.

IV. CONTROLLER DESIGN

Elaborating on the compact version of the BG scheme
shown in Fig. 3 in this section we propose a PID-velocity



control scheme that can be an objetive per-se or an inner-
loop of a position controller. The PID can be represented
in the energy domain as a combination of dissipative and
(kinetic and potential) storage elements, as shown in Fig. 5.
The external passivity between its input (the velocity error)
and its output (the torque vector commanding the wheels) can
be easily verified. The velocity input references Ω∗

r can be
expressed as function of the desired mobile base velocities q̇∗

using the relation of equation (3), i.e., Ω∗
r = G(q)T q̇∗. Then,

the resulting control law is

τ = −KP Ω̃r −KI θ̃r −KD
˙̃Ωr

where Ω̃r = Ωr − Ω∗
r is the velocity error, θ̃r =

∫
Ω̃r and

KP , KI and KD are positive definite diagonal matrices, each
(3× 3) dimensional.

Exploiting the BG-pHS correspondence, we study the sta-
bility of the closed-loop equilibrium point (θ̃r∗ = 0, Ω̃r∗ =
0, p̃∗ = 0) proposing the sum of the PID-associated energy
function and the Hamiltonian (19) as the candidate Lyapunov
function

V (θ̃r, Ω̃r, p̃) =
1

2
θ̃Tr KI θ̃r +

1

2
Ω̃T

r KD Ω̃r +
1

2
p̃TM−1p̃

From (20), considering that p̃ = Mq̇ and considering he =
03×1, the time derivative of V is

V̇ = θ̃Tr KI
˙̃
θr + Ω̃T

r KD
˙̃Ωr + p̃TM−1 ˙̃p

= −Ω̃T
r τ − Ω̃T

r KP Ω̃r + p̃TM−1

(
G(q)τ − C(q, q̇)

∂H̃

∂p̃

)
= −Ω̃T

r KP Ω̃r

As V̇ is negative semi-definite, it cannot be guaranteed that
the equilibrium point is asymptotically stable.

The latter can be easily proved invoking La Salle’s invari-
ance principle and analyzing the closed-loop dynamics when
the input Ω∗

r = 0. As the system continues evolving, the
equilibrium point is asymptotically stable.
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Fig. 5: PID controller BG scheme.

V. CONCLUSIONS

In this work, the kinematic and dynamic models of an
omnidirectional base with three omni wheels were presented.
The dynamic model was developed using four different tech-
niques: BG, Force Balance, EL, and pHS. The first one was
used as a lingua franca for the generalization of results. The
manipulation of the BG model to avoid derivative causalities
and its linking with the EL model allowed to explicitly express

and give a mathematical meaning to the Lagrange multipli-
ers, demonstrating that these were equivalent to the forces
introduced by the residual sinks. With both methodologies,
these forces disappeared in the final model. At the same time,
it was demonstrated that both can be interpreted physically
as the force that the ground must exert to fulfill the perfect
rolling condition. Finally, a PID-velocity control design was
presented.
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